In this paper, an analytical model is proposed to describe the penetration of a high-speed projectile into a metallic bi-element target, consisting of a finite thickness metallic layer facing a semi-infinite RHA armor. The proposed model identifies two main phases for target penetration; these are: (i) penetration of the front metallic layer and (ii) penetration of backing semi-finite metallic armor. During the target penetration phases, three modes of the projectile front may occur; these are erosion, mushrooming and rigid modes [1, 6] . Main assumptions and governing equations of each target penetration phase for each mode of projectile front are presented. These equations are arranged and compiled into a computer program. The input data to the program are easily determined.
Dynamic yield strength of projectile material.
Dynamic yield strength of backing target material.
A µ
The ratio of the density of titanium armor material to the density of projectile material.
B µ
The ratio of the density of semi-infinite armor material to the density of projectile material. Titanium alloy with 6% aluminum and 4% vanadium content.
Abbreviation

INTRODUCTION
Bi-element armor concept is one of the solutions to defeat long rod penetartors with enhanced penetration capabilities. The front layer material in bi-element armor must have high strength to density ratio and less weight compared with that of Rolled homogenous Armor (RHA). The task of the font layer is to break up the tip of the projectile, erodes the projectile and decelerates it in such way that no or less penetration may occur into the backing layer. The backing layer must have suitable density, high tensile strength, sufficient bulk and rigidity modulii to stop the remaining of the projectile [1] . It could be of finite thickness or semi-infinite thickness of metal or composite. Both thickness and material type of the bi-element targets depend mainly on the threat that needs to be defeated.
Ceramics are commonly used as front layers of the bi-element armors for their superior properties such as high hardness and low density. Another candidate for this position is titanium alloy which has lightweight, corrosion resistant, and high strength material. The density of titanium is about 60% of steel. Aluminum, magnesium, and beryllium are the only base metals and lighter than titanium; none of them come close to titanium in mechanical performance (except beryllium with respect to stiffness) [2] . Titanium alloys are known to have favorable properties for armor applications; e.g. Ti-6Al-4V. Now, low cost grades of this alloy are available and substantial work has been undertaken to characterize the ballistic performance of low-cost Ti-6Al-4V against modern threats [3] .
Rupert and Grace [4] studied experimentally the impact of a Depleted Uranium (DU) long rod projectile with an aspect ratio of 10 and a diameter of 7.7 mm into two groups of different bi-element target configurations; the first group consisted of titanium plate with different thicknesses facing a semi-infinite RHA, whereas the second group consisted of RHA with different thicknesses facing a semi-infinite titanium armor. The projectile impact velocity was 1500 m/s. They found that the ballistic efficiencies of the first group of bi-element targets were more than the second group.
Burkins, et al. [5] performed a series of ballistic firing tests to study the ballistic performance of titanium alloy Ti-6A1-4V when used as semi-infinite backing into bi-element targets compared with RHA. The tests were performed by tungsten alloy and DU long rod projectiles used in Ref. [4] . The impact velocities were ranged from 1000 m/s to 1900 m/s. The depth of penetration was measured for each test. They concluded that mass efficiency for Ti-6A1-4V is better compared with RHA.
Thorn and Cimpoeru [3] performed an experimental program to study the ballistic performance of two different grades of titanium alloy, Ti-6Al-4V and Ti-8Al-1Mo-1V, which were applied as appliqués to semi-infinite 5083 aluminum targets. Two target thicknesses and a bi-layer laminate for each alloy type were impacted by tungsten alloy projectiles at impact velocity of 1120 m/s. Residual depth of penetration measurements showed that the Ti-8Al-1Mo-1V alloy had lower ballistic performance than that of Ti-6Al-4V alloy. This was because of its better material properties.
Comparisons were also made with 99.5% alumina ceramics for performance baselines which showed that the ballistic performance of titanium was found to be comparable to alumina at thin tile thicknesses, but the titanium performance was low compared with alumina for thicker thicknesses. However, titanium alloys had a number of important practical advantages when becoming a part of real armor systems such as: multi-hit capability; durability against impact and environmental damage, easy integration, and reduced life-cycle cost.
In the following, the analytical model proposed to describe the penetration of a highspeed projectile into a metallic bi-element target, consisting of a finite thickness metallic layer facing a semi-infinite RHA armor, is presented. The model identifies three modes of the projectile front which may occur during each phase of target penetration [1, 6] . The proposed model can adequate to describe the penetration of a high-speed projectile into a semi-infinite target by setting the thickness of the front layer to be equal zero. Main assumptions and governing equations of associated with each target penetration and each mode of projectile front are presented. 
ANALYTICAL MODEL
In the proposed model, the projectile is considered as a cylindrical rod having initial length L o and initial diameter D o while the bi-element target consists of a front metallic layer with thickness denoted H AO backed by a semi-infinite metallic armor, Cf. Fig. 1 . The different modes associated with the projectile front during each target penetration phase can be shown in Fig. 2 . In the following, physical concepts, main assumptions and governing equations of the proposed model are presented. Figure 3 shows the model concept for eroding projectile and front metallic layer of the bi-element target while the backing is assumed to be stationary.
Physical Concepts and Main Assumptions
Penetration into front metallic layer phase (M)
• The penetration process through the front metallic layer is assumed to be localized.
• The eroded zone of projectile and front metallic layer ahead of projectile is assumed to have the current penetration velocity U, whereas the remaining of the front layer thickness and the semi-infinite metallic backing ahead of projectile are assumed to be stationary [7] .
• The projectile mode may be changed during metallic layer penetration from erosion to mushrooming if the relative velocity (V-U) < V PLAS , where
) is the plastic wave velocity through the projectile material [1, 6] , and/or from mushrooming to rigid if U = V.
• The flow stress of the front layer is assumed to be constant all over the process and it is denoted by Y A .
Penetration into semi-infinite metallic backing phase (SI)
• The remaining of projectile penetrates alone the semi-infinite metallic backing. The projectile mode may be changed from erosion to mushrooming and/ from mushrooming to rigid during this phase.
• The surface of semi-infinite metallic backing ahead of projectile is subjected to erosion and forms a crater. The backing armor material around the crater is assumed to be stationary [7] .
• The penetration process of the semi-infinite backing continues until the projectile penetration velocity vanishes, i.e. when the projectile stops inside the semiinfinite backing or when the eroded projectile is completely consumed [8] .
Model Structure and Basic Equations
For each penetration stage (according to the mode of projectile front), the following system of equations has been derived: The equation of the penetration velocity U as function of the velocity V. The time rate of change of length of projectile rigid mass L. The deceleration of projectile rigid mass during its penetration into the bielement target. 
A summary for the different possibilities of phases and stages of the penetration process of a metallic layer facing a semi-infinite armor is shown in Table 1 .
Modeling the Projectile Modes Projectile erosion
At high impact velocities, the projectile front starts to erode or break up. The main equations representing the current projectile mode are [7] :
(i) The time rate of change of the length of projectile rigid mass:
(ii) Deceleration of the projectile rigid part during penetration:
Projectile mushrooming
The projectile decelerates during penetration. A plastic deformation at the projectile front will take place instead of erosion as shown in Fig.2 . the main equations representing this mode are [1] :
(i) Time rate of change of length of projectile rigid mass:
(ii) Deceleration of the projectile rigid mass during penetration:
Rigid projectile
When U = V, the projectile is assumed as a rigid mass and the remaining projectile length is L ERO . The following equation determines the deceleration [1] : In this phase, there are three penetration stages associated with front projectile modes as mentioned in Table 1 .
Stage (1): penetration of eroded projectile into front metallic layer (M-1)
In this stage, the condition V -U > V PLAS is satisfied. Both the projectile and metallic layer material at the interface are subjected to erosion. The main equations representing the current stage are:
(ii) The penetration velocity "U" is derived from the previous equation as function of velocity of projectile rigid mass "V" as:
where 
The stage terminates if one of the following conditions is met: a) V-U < V PLAS ; where the projectile mode changes from erosion to mushroom. The stage (M-2) follows the current penetration stage. b) Z = H AO , i.e. the front metallic layer is totally eroded and the eroded projectile starts to penetrate the semi-infinite backing armor. The stage (SI-1) follows the current stage.
Stage (2): penetration of mushroomed projectile into front metallic layer (M-2)
If the condition V -U < V PLAS is satisfied, the projectile mode changes to be mushroom. The main equations representing the current stage are:
(ii) The current penetration velocity U as a function of V: -The penetration velocity U (=V) is calculated using Eqn. (6).
-End conditions: a) U = zero then the projectile stops and the penetration is terminated. 
Phase (II): projectile penetration into semi-infinite metallic backing armor (SI)
It starts when the front metallic layer of bi-element target is totally penetrated; the remaining projectile (with its front mode) will penetrate into the backing armor.
Stage (1): penetration of eroding projectile into semi-infinite metallic backing armor (SI-1)
The main equations representing the current stages are:
(i) The interface force, F [1, 6] ;
(ii) The current penetration velocity U as a function of V: 
(ii) The current penetration velocity "U" as a function of "V": 
-End conditions:
The current stage terminates if one of the following conditions is met: a) U = V, the projectile mode is changed to be rigid. The stage (SI-3) follows the current stage. b) The projectile stops to penetrate the target; i.e. U is equal to zero.
Stage (3): penetration of rigid projectile into semi-infinite backing armor (SI-3)
In this stage, the projectile penetrates the semi-infinite metallic backing armor as a rigid mass with current velocity U which is equal to the current velocity V.
End conditions:
-The projectile stops to penetrate the target; i.e. U is equal to zero.
The main equations representing the different projectile modes and the penetration stages of a bi-element target are arranged and compiled into a computer program. The input data to the model are easily determined. The proposed analytical model is capable of predicting the time-histories of velocity of projectile rigid mass, penetration velocity and the depth of projectile penetration through the armor. In addition, the model can predict the total depth of penetration into the reference armor and the bielement armor, respectively, and the total time of penetration process for each armor. In the following, some of the predicted results are concerned with the determination of the ballistic efficiency of titanium frontal layer and its mass saving when replacing the steel material. The following equations used to predict the ballistic efficiency (E m ) and mass saving (W) in percent of titanium front layer [7] :
RESULTS AND DISCUSSIONS
In the following, the results of the present model are classified into: (i) model validation for both semi-infinite armor and metallic bi-element target (ii) predictions. For different impact velocities, the model predictions are concerned with the determination of ballistic efficiencies of titanium with different thicknesses, mass saving and residual penetration depth into backing semi-infinite RHA armor when each titanium thickness is used as a front layer in a bi-element target. 
Model Validation
For the penetration of a semi-infinite RHA target by a DU alloy projectile
In the proposed model, the front layer thickness is set to equal to zero. The validation of the model is done by comparing its predicted penetration depths with the corresponding measurements of [4, 5] at each impact velocity. The input data to the model are listed in Table 2 . The projectile and the target flow stresses, Y P and Y B are represented, respectively, by [9] : 
Walker and Anderson [9] used a constant multiplier to determine the flow stress of target material, which gave good predicted results compared with their experimental measurements. For V i > 1200 m/s, Sorensen, et al. [11] deduced that the target resistance decreased gradually with increasing impact velocity in linear manner and the target resistance is determined by estimating different values of the resistance until the matching between the predicted values of penetration depths with their corresponding measurements is obtained.
In the following, the projectile strength multiplier used by Walker and Anderson is applied herein, whereas the target flow stress multiplier is modified to comply with the concept of Ref. [11] in the form of linear relation with impact velocity:
where a and b are constants. This relation is fed into the model. Table 3 lists the multiplier equation and the predicted penetration depth and the relative difference between the model predication and the corresponding experimental measurements of Ref. [5] at each impact velocity. The maximum difference between the predicted penetration depth and the corresponding experimental measurements is found to be 7% at V i = 1047 m/s. It can be seen that the trend of multiplier coefficient decrease with the increase of impact velocity which proves the deduced results of Ref. [11] . Table 3 . Measured depths of penetration into semi-infinite RHA [5] , and the corresponding predictions of the present model. 
For the penetration of a titanium semi-infinite target by a DU alloy projectile
In the proposed model, the target flow stress of titanium semi-infinite armor is determined by matching the measured penetration depth into titanium semi-infinite armor of Ref. [5] with the corresponding prediction of the present model at each impact velocity. Based on the predicted flow stress multipliers, Equation (20) is determined for the titanium semi-infinite armor and fed into the model. Table 4 lists the measured impact velocities and the corresponding penetration depths of Ref. [7] . In addition, the multiplier equation, the predicted penetration depth and the relative difference between the model predication and the corresponding experimental measurement of Ref. [5] at each impact velocity are also listed in the same table.
The maximum difference between the predicted penetration depth and the corresponding experimental measurements is found to be 8.5% at V i = 1111 m/s.
For the penetration of a bi-element metallic target by a DU alloy projectile
To predict the penetration depth into bi-element armor, consisting of a finite thickness of titanium front layer facing a semi-infinite RHA, the proposed model is fed with the data listed in Table 2 . The measured depths of penetration into different Ti/RHA targets at V i = 1500 m/s are only available [4] . So, the coefficient expressing Table 4 . Measured depths of penetration into semi-infinite titanium armor [5] , and the corresponding predictions of the present model. titanium flow stress multiplier will be taken as a constant as that used with Ref. [9] . For V i = 1500 m/s, the constant multiplier is determined by matching the experimental measurement of Ref. [4] with the corresponding model prediction.
Because of the lack of experimental data for the penetration of Ti/RHA targets at different impact velocities, the multiplier equation listed in Table 4 for semi-infinite titanium alloy targets is used. Table 5 lists the measured total penetration depths into Ti/RHA armors with different titanium thicknesses at V i = 1500 m/s [4] . The total penetration depth corresponding to each measurement is predicted considering a constant multiplier and the linear relation of the flow stress multiplier of titanium alloy material with impact velocity. For considering a constant multiplier, the maximum difference between the measured total penetration depth and the corresponding predicted one is found to be 3% when the frontal layer thickness of titanium is 78 mm. When considering the liner relation of multiplier as function of impact velocity, the maximum difference between the measured total penetration depth and the corresponding predicted one is found to be 6.3% at the same frontal titanium thickness.
Based on the listed results in Table 5 , the titanium flow stress multiplier in any bielement target is considered to be constant and is fed into the model with a value of 4.9, Cf. Table 5 . Figure 4 plots the predicted residual penetration depth into semi-infinite steel armor backing titanium plate with different thicknesses at different impact velocities. It is seen form the figure that the residual penetration depth decreases with increasing the titanium thickness at each impact velocity. In addition, the slope of Z res / H Ao is constant for each considered impact velocity. This means that the ratio of Z res / H Ao is independent of impact velocity and titanium thickness. This result is similar to that obtained by Wickert, et al. [12] . Figure 5 shows the predicted change in residual penetration depth with impact velocities for different thicknesses of titanium. In addition, the predicted change of penetration depth into semi-infinite RHA (reference) with impact velocity is also plotted on the same figure. The present figure shows that the residual penetration into the backing semi-infinite RHA armor increases with impact velocity and the residual penetration decreases with increasing the thickness of titanium front layer. Figure 6 shows the predicted change of limit titanium thickness at each impact velocity. The limit titanium thickness is defined by the thickness of titanium front layer at which no penetration occurs into the backing semi-infinite armor (i.e. Z res =0.0) and is denoted by H AO * . It is seen from the figure that the limit thickness increases with impact velocity. Figure 7 plots the predicted change of limit ballistic efficiency with impact velocity which also shows the increase of limit efficiency with impact velocity. Figure 8 plots the predicted change of ballistic efficiency of titanium front layer with its thickness at different impact velocities. It can be seen from the figure that the ballistic efficiency has similar trend at impact velocities of 1400 m/s, 1500 m/s and 1600m/s, respectively. The titanium ballistic efficiency increases with increasing of its thickness until it reaches its maximum value at the limit thickness where Z res =0.0 then, it decreases with increasing the titanium thickness. For H AO > H AO * , the thickness of titanium front layer is more than needed to stop the projectile and the ratio of (Z st / H AO ) decreases with increasing the titanium thickness. Therefore, the ballistic efficiency of titanium frontal layer decreases with increasing its thickness above the limit value. Figure 9 plots the predicted change of ballistic efficiency with impact velocity for different titanium thicknesses. For V i > 1400 m/s, the ballistic efficiency is generally increased with impact velocity for all considered titanium thickness. This may be attributed to the effect of strain rate of titanium at high impact velocities which increases the titanium resistance and consequently decreases the value of (Z st -Z res ). Then, it increases the ballistic efficiency with impact velocity. Figure 10 plots the predicted change of mass saving in percent with titanium thickness at different impact velocities. For each impact velocity, the model predicts that the mass saving in percent increases until the inflection point behind which the mass saving in percent starts to decrease. In addition, the mass saving in percent decreases with the increase of impact velocity for each titanium thickness. The model predicts that the titanium thickness less than H AO * may realize a mass saving of 30% compared with RHA. This percent may slightly increase with impact velocity. Figure 11 Plots the predicted change of limit mass saving with impact velocity. The present figure shows that the limit mass saving may reach up to about 35% compared with RHA at V i = 1800 m/s.
Predictions Due to the Penetration of DU Projectiles into Ti/RHA Targets
CONCLUSIONS
• The proposed analytical model has good predictive capabilities when assuming the flow stress of semi-infinite metallic baking armor is dependent on its deformation rate, decreasing with the increase of impact velocity [11] and the flow stress of titanium when used as front layer is constant.
• The slope of Z res /H AO is independent of titanium plate thickness and impact velocity; this result is similar to that drawn from the experimental program of Wickert, et al. [12] .
• Ballistic efficiency is dependent on (Z st -Z res )/H AO . In general, it increases with the increase of impact velocity especially for the limit thickness.
• For the limit titanium thickness, both the limit ballistic efficiency and limit mass saving increase with the increase of the impact velocity, respectively.
• Mass saving increases with the increase of thickness of titanium front layer until it reaches its maximum value which corresponds to the limit thickness then, it decreases because the thickness of titanium front layer is more than the required to defeat the projectile. Fig. 2 . Projectile behavior during penetration as its velocity falls [1, 6] . Model concept for bi-element target; the backing is assumed to remain stationary while the front layer is eroded [7] . 
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